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l. As is well known there exist two classical approaches to the theory 
of doubly periodic functions (elliptic functions), a) one due to JACOBI 
and b) one due to WEIERSTRASS. In both methods elliptic functions are 
constructed with the help of the Jacobian theta functions. It is true that 
WEIERSTRASS for this purpose uses his functions a(z) but, as we will see 
later, the four Weierstrass functions a(z), a0(z), a2(z) and a3(z) are essentially 
equivalent to the Jacobian theta functions (h(v}, t9o(v}, (;l2(v) and t9a(v). 
The way in which elliptic functions are constructed with the help of 
the theta functions is, however, different in the Jacobi and Weierstrass 
approaches. 
It is the purpose of this paper to add a third approach to the con-
struction of elliptic functions, again with the help of the theta functions, 
but which is essentially different from that of Jacobi and Weierstrass. 
In order to bring the new method in proper perspective the essential 
points of a) and b) have first to be clarified. In 'the following we adhere 
to the classical notations in this· field. 
2. We thus have the four Jacobian theta functions 
-co 
+co (;l1(v, -r) =- i L ( -l)k ein<k+ll'r+2ni<kH>v, 
(l) -co 
-co 
+co (;l3(V, T) = ! eink'T+2nikv, 
-co 
where -r= 2w2f2w~, the ratio of two primitive frequencies 2w2 and 2w1. 
With the condition Im -r> 0, to which we shall further adhere, the four 
series are absolutely convergent in the whole v-plane. In the following 
we write as usually t9(v) for fl(v, r} or t9(v+m) for t9(v+m, r). 
1) The author passed away on October 6, 1959. This paper has been 
communicated by the Board. 
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From the the definitions (1) of the four theta functions it is easily to be 
seen that 
) 
Oo(v+ 1)= Oo(v), Oo(v+T)= -lXOo(v), 
(2) Ol(v+1)= -01(v), 01(v+T)= -lXOI(v), 
02(v+1)= -Oz(v), 02(v+T) = 1X02(v), 
Os(v+1)= Os(v), Os(v+T)= £X0a(v), 
where 
(3) lX = e-2nih>+T/2l. 
From the first column of (2) it follows that Oo{v) and Oa(v) have the 
period 1, and 01(v) and 02(v) have the period 2. 
Similarly, from the second column and if the exponential factor would 
not have been present 02(v) and Os(v) would have had also the period T, 
and Oo(v) and 01(v) would have had also the period 2T and all four theta's 
would have had the two periods 2 and 2T and would therefore have 
been doubly periodic. In order therefore to actually construct doubly 
periodic functions the problem before us is to get rid of the exponential 
factor lX in 'Yhich the fundamental variable v occurs linearly. 
3. In the Jacobian approach this is· accomplished by considering the 
ratio of any two theta functions; where 
Om(v) (4) /m,!(v) = Oz(v), (m, l = 0, 1, 2, 3). 
Take e.g. m= 1, l=O and consider /I.o(v)=Ol(v)J00(v). 
From the first column of (2) it follows that this ratio has the period 2 
but from the second column also the period T because in . Constructing 
this ratio we got rid of the factor lX. Hence 
Ol(v)/Oo(v) 
is doubly periodic with periods 2 and T and in fact we have, with the 
classical notation 
Ot(V) ,r;_ 
Oo(v) = rksnu . (u=nO~v) 
. ' 
A similar reasoning applies to the quotient of any two theta functions 
and thus we can also easily construct en u, dn u and all the ratio's such 
as sn ufdn u etc. 
Hence typical for the Jacobian approach to elliptic functions is the 
construction of the ratio of any two· theta functiol1S. 
4. WEIERSTRAss's construction of elliptic functions makes use of still 
another method of getting rid of the factor lX in (2). 
To this end Weierstrass considers the second logarithmic derivative of 
any of the four theta functions, and especially of 01(v). Thus from (2) 
we have 
(5) ~ log0I(V+T)=log01(v)+log(-1X) . ~ =log 01(v) +log (- 1)- 2ni(v+T/2) 
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where in the last term v occurs only linearly. Hence by differentiating (5) 
twice with respect to v, we obtain 
d2 d2 
dv2 log lh(v+-r) = dv2 log (h(v). 
We also have from the first column of (2) 
d2 d2 
dv2 log fh(v+ 1) = dv2 log lh(v) 
and thus the function d2fdv2 log fh(v) is seen to have the two periods 1 
and -r and hence is elliptic. 
As a matter of fact Weierstrass uses his function a(z) and defines his 
elliptic function .f.J(z) as 
(6) d2 .f.J(z) = - dz2 log a(z). 
But it can easily be shown that the following relation exists between 
Weierstrass's a(z) and Jacobi's fh(v): 
(7) 
where 
a(z) = 28~1 e-<li6J(6,m;6,'Jv'(h(v), 
1 
so that (6) becomes 
or 
(8) 
1 d2 ~ 1 8111 ~ 
.f.J(z) =--- -- ~ v2 +log (h(v) 
4wi dv2 6 81 
1 8111 1 d2 
.f.J(z) = -~---log (h(v), 
12wi 81 4wi dv2 
where the first term is a constant (independent of v) and the second term 
is the second logarithmic derivative of a theta function as explained 
above. Thus (8) has the form 
d2 (Sa) .f.J(z) = 01 +02 dv2 log lh(v), 
and it can be shown 1) that this can also be written as 
(8b) 
1 ) We have 
whereas 
O~(v) 
.f.J(z) = 0s+04 8i(v), 
(01, 02, Os, 04 independent of v) 
d2 l () ( ) _ 01"(v) 81(v) -01'2(v) 
dv2 og 1 v - ola(v) ' 
1p(v) = ()~(v)01 (v)-O?(v) 
clearly. satisfies the relations 
and therefore is a theta function of second order with characters (0, 0) which must 
satisfy a relation 
1p(v) = 03 0i(v) +04 0~(v). 
From this and (Sa) follows (Sb). 
llO 
in which latter expression we therefore fall back on the ratio of two 
theta functions, which, as we saw, was at the base oftheJacobianapproach. 
5. We now come to a new construction of elliptic functions, again 
with the help of the theta functions, but which is different both from 
the Jacobian and Weierstrass approaches. We will explain the method 
starting from the last equation in the right hand column of (2) reading 
(9) 
where 
We iterate (9) obtaining 
Oa(v+2-r)=~X(v+-r)·~X(v) Oa(v), 
or 
or 
(10) 
Oa(v+(n-1)-r)=~X(v+(n-2)-r) ... ~X(v+-r) ~X(v) Oa(v), 
Oa(v+m) =~X(v+ (n-1)-r) ·~X(v+ (n- 2)-r) ... ~X(v) · 03(v), 
Of course (10) could also have been derived directly from the series for 03(v). 
We now write (10) as 
(11) Oa(v} = e><in'T+2ninv 
Oa(v+m) ' 
(assuming that v is not a root of Oa(v)). 
We note that the right hand side of (11) has just the form of the sum-
mand of the series in (1) defining Oa(v). 
Hence summing (11) over n from -oo to +oo we. obtain 
(lla) +~ Oa(v) O ( ) n-~oo Oa(v+nT,T) = 3 V 
or, if vis not a root of Oa(v), i.e. if v#(m+!)+(l+!)-r (m, l integers) 
(lla) yields the unexpected and simple relation 
(12) +oo 1 1 -1 
n--oo Ba(v+nT,T)- · 
Now we have seen already that Oa(v) has the period 1 but from the form 
of the left hand member it follows that (12) also has the period T because 
adding T to v is equivalent to changing n into n + 1 and this does not 
change the value of the sum. 
Hence we note that the left hand of (12) is doubly periodic (periods 
1 and -r) and this condition is of course also satisfied by the constant 
right member. 
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Applying the same procedure to 00(v+n-r) we obtain 
( 13) 
or, after summation 
(14) n=+oo l n-~oo 6o(v+m:,T) = 1• 
Applying the same method however to 01(v) and 02(v) yields 
(13a) 
(14a) 6a(V) = enin'T+2ni11V 6a(v + nT, T) ' 
and summation over n yields 
+oo l 
01(v) ! 6 ( + ) = Oo(v), 
_ 00 1V n't','t' 
+oo l 
02(v) ! 6 ( + ) = Oa(v), 
_ 00 a v nT,T 
or, avoiding the roots of 01(v) and 02(v) respectively, we have 
(15) +oo 1 6o(v) 1 1 lol(v+m,T) = 61(v) = J1k snu' (u=nO~v) 
and 
(16) 
From (2) above it follows that Oo(v) and 01(v) have the period 2 but 
from the form of the sum in (15) it follows that this function also has 
the period T. A similar reasoning applies to (16). We thus have shown 
that the infinite sums of the reciprocals of the four theta functions with 
argument v + nT lead to a new construction of elliptic functions. 
Returning to the general method we are free, before summation, to 
multiply both members of (11), (13), (13a) or (14a) with ( -1)" and sum 
afterwards. We give here the results without the proofs. 
(17) 
"" (- 1)" 6a(v) 1 d 
"- 6o(v+nT,T) = 60(v) = Vk' nu, 
"" (-1)" 6a(v) 1 dnu 
k 61(v+m,T) = 61(11) = jlkP mu' 
"" (-1)" 6o(v) dP 1 
k 8a(v+m,T) = 6a(v) = V k cnu' 
"" (-1)" = 6o(v) = y'P_l_ 
"- 6a(v+m,T) 6a(v) dnu' 
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Similarly we easily prove 
(18) 
and also 
(19) 
l L l lh(v) Vk lh(v+(n-t-i)'r,r) = l'io(v) = snu, l _ l'i2(v) _ k en u L l'i2(v+(n+t)r,r)- l'ia(v)- V dnu' 
We have thus succeeded, constructing the sums of the reciprocals of 
the theta functions, to express the Jacobian elliptic functions sn u, en u, 
dn u, and the ratio of any two of them. 
6. It is further easy to extend our method and consider expressions like 
(}3(V-t-nT) = (}s(V) e-(nin'T+2ninvl+2(nin8T+2ninv) 
05 (v + m) 05(v) 
which after summation yields 
(20) L l'is(v+m) = l'i~(v) = 2. dn2 u 
05(v+m) 05(v) k 1 ' 
i.e. the square of the Jacobian function dn u. 
Similar relations exist for the general expressions 
L l'im(v+nr) 
l'if(v+ m) (m, l = 0, 1, 2, 3) 
which we will not give in detail. 
However, we single out here the special case 
The last equality follows from a known relation between sn-2 u and 
gJ(z) for which we have to refer to the literature. Thus (21) constitutes 
a new approach to the construction of the Weierstrass gJ(z) function 
which is essentially different from the classical Weierstrassian approach 
as described above in (6) and (8). 
7. The method developed above may also be generalized as follows. 
We found 
l enin1T+2ninv 
l'ia(v+m,r) = -o;(:v-) -
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Raising both sides to the mth power and summing over n, we obtain 
(23) +oo 1 03(mv, mi) l Olf(v+m,T) Olf(v,T) (m > 0). 
Still more generally with the help of (11), (13a) and (14a) we can evaluate 
sums like 
1 ~ O~(v+m) O~(v+m) Olf(v +m) Ot(v+m) 
which sums are convergent as long as 
k+l+m+j>O. 
8. We may also consider (11), (13), (13a), and (14a) with n replaced 
by 2n. We thus obtain for t¥=0, 1, 2, or 3 
~ 1 03(2n, 4T) 
~ O,.(v+2m,T) = O,.(v,T) · 
Again new relations are obtained if in the same four formulae before 
summation we multiply both sides with e2ninw. This yields 
~ e2ninw Oa(v+w,T) 
"'- 08(v+n•, T) = Os(v, T) 
~ e2ninw 03(v+w,T) 
02(v+n••r) = 02(v,T) 
~ e2ninw Oo(v+w,T) 
Oo(v+nT,T) = Oo(V,T) 
(24) 
~ e2ninw Oo (v+w,T) 
Ol(v+nT,T) = 01(v,T) • 
Differentiation of the first formula (24) with respect to w and thereupon 
putting w = 0 gives 
Finally an integral relation may be obtained from (12) 
(12) 
Integration of both sides over v along the straight line from so to so+-r, 
where so is any real number ¢. t (mod. 1) yields 
••+T +oo 1 I dv ~ = • ,. __ 00 Os(v+nT, T) 
•• 
or 
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or putting v = s0 + s-c, we get the following integral along the real axis: 
+oo f ds = 1 8s(so+BT,T) · 
-00 
In the same way we obtain for real so 
+oo 
J Bo(so~BT,T) = 1 (so¢:. 0 (mod. 1)), 
-oo 
+oo s0 +ooT s,+ .. f ds J dv J 8o(v) d 81(so+BT,T) = 81(v,T) = 81(v) V (so¢:. 0 (mod. 1)), 
-oo 80 -00T •• 
+ oo s0 +ooT ••+" f ds J dv J Os(v) d 8a(so+sT,T) = 82(V,T) = 82(v) V (so¢:. l (mod. 1)). 
-oo •• 
